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~A Generalized Probability Mode for an
Equilibrium Birth Process

1. Introduction

T H Eprobabilitymodel sproposedb yDandekar(1955),Brass(1958),

and Sheps (1964), Sheps and Perrin (1966), Sheps ef al. (1969), Pathak (1966),
Singh (1963, 1968), Singh and Bhattacharya (1970, 1971), Singh et al (1974,
1975), Das Gupta (1973) and others, are useful to explain the variation in the
number of conceptions and births to a couple during a fixed period of time.
A detailed account of such models can be obtained from Sheps et al (1969),
" Singh (1966), Das Gupta (1973) and others, where the authors have extensively
reviewed the literature and added their contributions.

Singh and Bhattacharya (1970) derived a generalized probability distribution
for the number of conceptions in a period (0, T) of length T allowing for two
types of pregnancy outcomes. One of the assumptions of the model is that the
female is exposed to the risk of conception at the beginning of the observational
period which is not true, specially when the starting point is not marriage.

The purpose of the present paper is to derive a probability model for the
Bumber of conceptions during an interval of length T assuming the start of the
observational period at a considerable distance from marriage. The other assump-
tions are similar to those of Singh and Bhattacharya (1970). The present
modd may be considered as an extension of the distribution of Singhand Bhatta-
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charya (1970} and also of the modified Poisson distribution for ‘abrupt sequence’
derived by Dandekar (1955). The model is derived in Section 2 where expres-
sions for the mean and variance of the distribution are also obtained. It is
applied to some observed distributions in Section 3.

2. Model

Let X (T, T)denote the number of conceptions to a female during the period
(To, Ty + T) where 7, is measured from marriage, that is, the starting point is
at a distance T, from marriage. We derive the distribution of X (T, T) on the
following assumptions :

1. The female has led a married life from marriage till theend of the obser-
vational period.

2. A conception may result either in a live birth or in a foetal death, If the
conception results in a live birth, it is called complete, otherwise it is
designated as incomplete.

3. The time of first conception since marriage follows an exponential distri-

- bution first with probability density function me=", ¢t > 0, m > 0 and the
time between the r* and (v -~ 1)** conceptions, {r=1, 2, ... ) follows
displaced exponential distributions me—™-30, 1 > }h, or me-"™="2) ¢ = by,
(h, < hy) according as the r'* conception is incomplete or complete.

This assumption implies that if there is a conception at a point of time,
then there is no other conception either in k; or by units of time according
as the conception is incomplete or complete.

4. TLet b be the probability that 3 conception is complete so that (1--0) is
the probability that it is incomplete.

5, T,is a distant point since marriage.

Under the above assumptions, the distribution of X (T, T) becomes indepen-
dent of T, (see Cox and Miller, 1965, pp. 340-41), henceforth we write X (T)
for X (T,, T). 1In the present case, the total number of conceptions cannot be
more than », where » = T/h or [T + hy/h} according as Tis a multiple of
hy or not; [T -+ & /h,] stands for the greatest integer not exceeding T + h,/h,.

" The probability function P, of X (T) is given as
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Py=1—[Hy(T) — H, (7]
P,=[H,—1(T)“2H,(T)+HY+I(T)],r=1,2,...,h (1)

where

. Ir
= m [ P\ . A
HT = 1+m{(1__ﬂ)hl+0h2”_j;)(j)ej(l—9)H

T r—1 ——
b P wm(t — jha — r— jluy
L 1 = g-™t-ihg=F=ihy) z L 74-5'#-——#‘—4} dt‘] (2)
g +r—jh §==0
I, = min [r, {(T — rh)/(h. — )]
Obviously,

mi - mil
1 4+ mitiy -+ (1 — O Tl 5 omy

Hu(T) =

where

io== {8hy 4 (1 - 040

PROOF. Let the conceplions be counted from the point 7 and let the time of
r* conception, for r =1,2, ..., be I, + T3 + ...+ T,, where Ty is the
time of first conception; from 7, and 7,(r = 1) is the time between (r — 1)
and r** conceptions. If T}, is at a considerable distance since marriage, the above
birth process becomes an equilibrium renewal process where the intervals T,
T, . . ., are independent and identically distributed but 7, has a different dis-

tribution,
The probability density function of T.(r = 1) is given as
ft)=0 for 0<t<h,
= (1 — Qme ™ for h <1<k
= (1 — ﬁ)me"’“;“"l’ + BmemE-R2 for ¢ > . 3
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and that ot T, is

an =1=f0, @

1 - mh C .
where F(t) and p = -5—1 are the distribution function and mean, respec-
tively, associated with f{r).

The Laplace transform of £,(¢) is —I—h—ifj—(ﬂ

where ¢(s) is the Laplace transform
corresponding to f(¢).

Since T4, T3, . . . are mutually independent, the Laplace transform of
n+nL+...+7,is

(L - ¢N(shyr
B ’

RE0) i (-0 .

. s 0

The inverse of (35), the probability density function of T, + I + ... + T},
J(t), say, is

t t

fmp%iﬂwwm—%gﬁmm

=_1_ *r-1)¢ W_l_ {ri
Hf (1) o F (1), )

where (¢} denotes the r fold convolution of f(r) with itsclf and F('(s), the
corresponding distribution function.
The expression for FUH(r) is ecsily obtained as

Ir
F(1) = z (; ) Bi(1 — B)r—j[ 1 — c—m(f-jhz—mi]

i=0

mt — jhy —r — i) ]
5! )
s=0 ‘

@)
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Now

T
-Pu‘= 1 - ". 1=FQ) dr
@
0
T T
— - | a+ [ Foya
0 0
=1 — Hy(T) + H(T), ®)
and
T T
P~ [ rrwda— | fh, 0
0 0
1 r 1 4 1 3
= — j Fo-i(ydr—2— [ Fo@de -+~ | Feongy d
H e &
0 0 0
= Hoo(T) = 2HATY + H, . (T) for r=12,...,n (%
It is easily seen that
- S (f)om — 0P~ gy AT — jhs — 7 — )
¥ i+ mh & j (r=1)4J P Jih
if Ir =, : (10)
where
B 1 r—1 s
‘f"(r—nvi (T —jhy—r _'—jhl) = g~ (T=iliz==ihy)

1 - mk o =

(T — jhy ~ 1 — ] I)*
( ! 5 J ., {11)
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and

Ir L
; _ -~ jhy — r — jh;) r
H(T) = r)e; I_ij[m(T Jhs -1" Jh — _
@ IZO (J ( ) I - mh 1+ mh
e Guom (T i =7 ) |
if ir<r, (12)

For 6 = 1, that is, #, = ks = }, we have

r
Hr(T) = Tﬁw —r gl)l(r — ]), (13)
1 r -1 s k(T l)k
. 1 .
“’here. *1("* 1) = —l-T;_W zo kzo e—m{]_rk} i k! rit . (14)
s=0 k—

Thus
P°=0,‘51(0)
P,=¢(r) ~=25(r—1) +d(r—2) forr=12,...,n—2

Pay = n— 2 < 2,0 = ) 4 i — 3)
T
Po=—m—1)+ 1;:—1*"7#- + i —~ 2). (15)

1t should be emphasized here that the above expression is the same as that ob-
tained by Dandekar (1955), but with a slight modification. Dandekar derived as

P, = $.(r) — 2¢,(r — 1) é.(r —2).

This expression is true only forr =0, 1, 2, ..., # — 2 but does not work for
r = n— 1 and # (see equations 15}

The Mean and Variance

Since X(¢) takes values O, 1, 2,..., n with corresponding probabilities

168 Demography India Fol.VI.1&2



Pﬂ!PD"':PH’

_ mI

= H(T
o7y = l+rrr/z

(16}

which agrees with the general result for the equilibrium renewal process viz.,
mean = T/# where # is the mean time between renewals.

The variance of the distribution is

VIX(T)] =

.,
i =
[=

-

. 2
1p . (_jﬂ,_)
1 -+ mh

It is difficult to obtain a simple expression for F{X(T)]; for general T, however,
an approximate expression for P{X(T)] is easily obtained for farge T as

T =55+ (5 + e — 45 ) + oW, 17)
where in the present case
po= ?:T _—
of = gy —

where

. 2 2h
ua=e[;+7’= AR

2R .
+—;:-—rh:]

_6[_3 b8y u +h3]

Nos. 1 &2 1977 Demography India 19



3 2 . B
+( “9)[r-—+ G v n ] (18)
3. Application

The model takes account of two types of pregnancy outcomes: foetal wastage
and live birth. We do not possess data on number of conceptions leading to-
pregnancy terminations of the above two types in a fixed period of time where
the start of the observational period is at a considerable distance from marriage.
However, the model can be applied to data where one to one correspondence
between a conception and a live birth is assumed; and the children dying within
a year and those surviving more than a year are counted separately. It is well
known that the length of non-susceptible period associated with an infant death
is considerably smaller than that related to the child surviving at least one year.
Two observed distributions of this type have been taken from 'A Demographic
Survey of Varanasi (Rural)' for the application of the model.

The Demographic Survey of Varanasi (Rural) was conducted in the year
1969-70 under the auspices of Demographic Research Centre, Banaras Hindu
University. In the survey, about 2200 households scattered in 52 villages of
Varanasi Tehsil —one of the four tehsils of Varanasi District comprising nearly
1200 villages and 0.13 million households were selected following a two stage
stratified random sampling procedure. The information collected in the survey
includes household structure, household facilities., marriage, fertility, mortality,
migration and family planning.*

In the survey, complete birth record of each eligible couple was noted. A
couple is defined eligible if both the partners were alive and the femal€e's age
was lessthan 50 years on the reference date of the survey that is, October 1969.

The table in the appendix presents the observed distribution of number of
births in the last 5 and 7 years to eligible females of age group 25-29 having at
leest 5 and 7 years of marriage duration. The females without any birth upto
the reference date are excluded presuming them to be sterile. In the surveyed
area, the average age at marriage for females is nearly 15 years and the observed
distribution relates to females aged 25-29 years, hence the start of the observa

*For detailed account of the survey, see Singh et al., 1970.
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tional petiod may be considered at a considerable distance from marriage. For
fitting the present model to the above observed distributions, we notice that
(I — 0y represents the probability that a birth ends in an infant death while 0 is
the probability that the child survives at least one year, and &, and A, are the
respcctlve non-susceptible periods (gestation plus post-partum amenorrhea :

PPA). From the data of the survey, it is observed that the average PPA asso-
ciated with infant deathis 2 to 3 months and it is, when the child lives for more
than a year about 10-11 months. The analysis of the pattern of PPA asso-
ciated with children living more than a year, by Singh and Bhaduri (1971) re-
vealed that the nature of the curve is bimodal, the first and second peaks ocour-
ring at 2-3 months and 12-13 months respectively. Thus the population of eligi-
ble females may be considered comprising two groups : (i) those with PPA nearly
3 months irrespective of the outcome of the pregnancy; (ii) others whose PPA is
3 or 12 months according to whether or not the infant survives the first year.
Let IT and 1 — 1 be the respective proportions for the two groups. The infant
mortality rate in the area during last 5 yearsis about 180 per thousand. Keeping
thesc ﬁndmgs inview, we take k, = 1 year, by = 1,75 years 6 = 0.2 Il = 0. 4.

'I‘he parameter  is estimated by equating the observed mean with the theore-
tical mean which is given by

T mT
3 (LI _mi
1+ mh, A= 1+ mh

The expected frequencies are shown in columns (3) and (5) of the table. The
values of %2 in both the cases are insignificant at 5 per cent level. The model
describes both the observed distributions though it is derived under some sim-
plifying assumptions relating to human fertility. The important characteristic
of the present model is that it takes into account the situation that a large num-
ber of females are not exposed to the tisk of conception at the start of the ob-
servational period, and hence is more suitable for analysing data on number of
. births or conceptions relating to age segments of the reproductive period, or the
preceding 7 years from the reference date of any retrospective enquiry.
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Appendix

TABLE—DISTRIBUTIONS OF ELIGIBLE FEMALES AGED 25.29 YEARS ACCOR-

DING TO THE NUMBER OF BIRTHS DURING THE LAST 5 AND 7 YEARS

- "~ Last 5 years : Last 7 years
Number of  Observed numbzr — FExpected number Observed niimber Expected number
births of women of women of women af women

(6] -2 (3) 4) )
0 20 25.8 3 6.9
1 155 150.4 58 61.7
2 200 189.2 166 1627
3 45 54,9 151 1358
4 and above 5 4.7 34 44.9
Total 425 425.0 412 412.0
™ 0.605 0.620
xE . 3.865 6.840
d.f. 3 3
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